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Abstract In this feature article we summarise and highlight aspects of the treat-
ment of four-quark states with functional methods. Model approaches to those
exotic mesons almost inevitably have to assume certain internal structures, e.g.
by grouping quarks and antiquarks into (anti-)diquark clusters or heavy-light qq¯
pairs. Functional methods using Dyson-Schwinger and Bethe-Salpeter equations
can be formulated without such prejudice and therefore have the potential to put
these assumptions to test and discriminate between such models. So far, functional
methods have been used to study the light scalar-meson sector and the heavy-light
sector with a pair of charmed and a pair of light quarks in different quantum num-
ber channels. For all these states, the dominant components in terms of internal
two-body clustering have been identified. It turns out that chiral symmetry break-
ing plays an important role for the dominant clusters in the light meson sector
(in particular for the scalar mesons) and that this property is carried over to the
heavy-light sector. Diquark-antidiquark components, on the other hand, turn out
to be almost negligible for most states with the exception of open-charm heavy-
light exotics.
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1 Introduction
One of the spectacular successes of this millennium’s hadron spectroscopy exper-
iments is the discovery of many ’exotic’ meson states in the heavy-quark energy
region that do not seem to fit into the conventional qq¯ picture, see e.g. [1–8] for re-
cent review articles. Some of these carry net electromagnetic charge and thus may
be naturally explained as four-quark states QQ¯qq¯ (with q = u, d, s and Q = c, b).
As a consequence, four-quark states are generally considered as promising candi-
dates to explain the structure and properties of these exotic hadrons.
On the other hand, four-quark states may also play an important role in the
low-energy spectrum of QCD. The lightest multiplet of scalar mesons has been
under debate for a long time. Its experimental situation appeared questionable
and its place in the Review of Particle Physics [9] has been firmly established only
in this century. Since then, uncertainties in the mass and width of the σ/f0(500)
have been steadily reduced [10–13]. The notion that the light scalar meson nonet is
incompatible with a conventional qq¯ picture, however, goes back some way [14]: by
assuming a dominant four-quark structure, characteristic properties like inverted
mass hierarchies and decay patterns are naturally explained.
One of the most interesting questions concerning four-quark states is the nature
of their internal structure formed by the dynamics of QCD. There is extensive
literature available on this subject, however a general consensus is not in sight.
Effective theories and model approaches study the spectrum that emerges from
specific configurations, which may be grouped into three categories:
 The quarks and antiquarks may cluster into internal diquark-antidiquark pairs
that interact via coloured forces, see e.g. [3] for a review.1
 The hadro-quarkonium picture [15], mostly relevant in the charm and bottom
regions, suggests a heavy quark and antiquark grouped together in a tight core
and surrounded by a light qq¯ pair.
 The meson-molecule picture of arrangements into pairs of heavy-light mesons
is especially relevant for states close to meson-meson thresholds, see e.g. [4] for
a review.
It is important to note that these possibilities are not mutually exclusive: In
general, every experimental state may be a superposition of components with a
different structure and the ‘leading’ component may be different on a case-by-case
basis. It is therefore of utmost importance to develop theoretical approaches to
QCD that can deal with and distinguish between all these possibilities, such as the
lattice and the functional approach to QCD. Lattice QCD has made important
and interesting progress so far, see [16–25] and references therein. In this feature
article we focus on functional methods and summarise results from recent works
on this topic [26–29].
The article is organized as follows. In the next section we collect a number
of general remarks on the functional framework of Dyson-Schwinger and Bethe-
Salpeter equations (DSEs and BSEs) and outline some of the the properties of the
four-quark equation that will be important in what follows. We also discuss the
properties of the BSE for qq¯ states with respect to chiral symmetry breaking and
1 We will use the terms four-quark and tetraquark synonymously, although in the literature
the latter often refers to diquark-antidiquark configurations only.
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Fig. 1 Dyson equation (1) and onshell Bethe-Salpeter equation (3) in graphical form.
briefly summarize the pseudo-Goldstone boson nature of the pion. In Sec. 3 we
focus on the light scalar meson octet. We explain how two different formulations
of the four-body BSE can be used to shed light on the internal structure of the
f0(500) and its partners and highlight the important role chiral symmetry breaking
plays for those states. In Sec. 4 we discuss recent results on heavy-light four-quark
states, in particular those with hidden or open-charm content. We conclude with
a summary and outlook in Sec. 5.
2 Bethe-Salpeter equations
In this section we highlight some aspects of functional methods, in particular DSEs
and BSEs, that are important in connection with four-quark states. A pedagogical
introduction to the subject can be found in the review article [30] and many
practical and technical details are collected in [31].
2.1 The BSE for quark-antiquark states
We begin with the homogenuous BSE for states that can be built from a qq¯ pair.
As illustrated in Fig. 1, it is extracted from the (exact) Dyson equation for the
quark four-point function Gαβ,δγ . We drop indices and momentum integrations
in the notation2 and denote the disconnected product of a dressed quark and
(anti-)quark propagator by G0. The amputated and connected part of G is the
scattering matrix T defined by G = G0 +G0 T G0. Both satisfy Dyson equations:
G = G0 + G0 K G ⇔ T = K + K G0 T . (1)
It is important to note that at this stage these four-point functions are exact
and therefore contain all possible meson poles, including virtual bound states or
resonances with pole locations on the second Riemann sheet with respect to the
total momentum P 2 of the qq¯ pair.
At the respective pole locations, G and T can be written as
G→ Ψ Ψ
P 2 +M2
⇔ T→ Γ Γ
P 2 +M2
, (2)
where the Bethe-Salpeter amplitude (BSA) Γ appears together with its conjugate
as the residue of the onshell meson pole at P 2 = −M2. The corresponding BS
wave function Ψ = G0 Γ can be viewed as the analogue of a quantum-mechanical
wave function in relativistic quantum field theory and contains the full momentum,
2 We will frequently use such a compact notation but emphasise that it is only for notational
convenience.
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Dirac-Lorentz, color and flavor structure of the state. Comparing residues on both
sides of the equation yields the homogeneous BSE at the pole (see Fig. 1):
Γ = K G0 Γ . (3)
The homogeneous BSE always comes together with a normalization condition,
which also automatically enforces electromagnetic charge normalization without
further conditions, see [30] for details.
In what follows, one of the most important properties of the BSE for qq¯ states
is its behaviour in the chiral limit where all current-quark masses vanish. Here,
the pseudoscalar mesons play a special role since they are the Goldstone bosons
in QCD’s chiral symmetry breaking pattern. It can be rigorously shown that they
emerge as such from their BSEs, see [30, 32] for details and references. In practi-
cal calculations, this property needs to be preserved by the approximations and
truncations one invokes.
To this end we need to discuss the DSE for the quark propagator, which pro-
vides one of the major ingredients in every calculation involving BSEs. Written in
the same shorthand notation, the DSE reads
S−1 = S−10 + g
2Γ qqg0 SDΓ
qqg , (4)
where S denotes the dressed quark propagator, D the dressed gluon, Γ qqg the
dressed quark-gluon vertex and corresponding bare quantities are denoted by sub-
script zero. The running coupling of QCD is denoted by g2 and various factors
and momentum dependencies are kept implicit. This DSE captures the effect of
dynamical mass generation due to dynamical chiral symmetry breaking, i.e. the
resulting masses M(p2) of the dressed light quarks S(p) = Zf (p
2)
(
ip6 +M(p2))−1
are in the range of M(p2 = 0) ∼ 400 MeV and therefore two orders of magnitude
larger than the current-quark masses.
The self-energy of the quark DSE and the interaction kernel K of the meson
BSE are related by the axialvector Ward-Takahashi identity (axWTI), which is
dictated by chiral symmetry. Any approximation of the quark DSE and meson
BSE that maintains this identity reproduces the (pseudo-) Goldstone boson nature
of the lightest pseudoscalar-meson octet. Thus in the chiral limit, the axWTI-
controlled kernel K provides exactly the amount of binding energy needed to
obtain a massless state from two massive constituents.
In practice, a well-explored and frequently used truncation satisfying this prop-
erty is the rainbow-ladder approach, which amounts to the replacement
g2DΓ qqg → α(k
2)
k2
Γ qqg0 , (5)
where k2 is the squared gluon momentum and α(k2) plays the role of an effective
running coupling. All results discussed herein have been obtained using a particular
version of this truncation, the Maris-Tandy model [33]. Beyond-rainbow-ladder
solutions of the quark DSE and corresponding results for the meson spectrum are
available, see e.g. [34]. Overviews and more references can be found in [30,35,36].
The rainbow-ladder truncation of the meson BSE is particularly successful for
ground-state pseudoscalar and vector mesons. By extension, scalar and axialvector
diquarks satisfy analogous BSEs and provide the underlying dynamics in ground-
state octet and decuplet baryons [30]. This will be important in what follows since
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Table 1 Rainbow-ladder meson and diquark masses (in MeV; n = u, d). mq is the input
current-quark mass at a renormalization point µ = 19 GeV in a momentum-subtraction
scheme. The column mPS contains the masses of pi, D, Ds, ηc and the column mV those
of ρ/ω, D∗, D∗s and J/ψ. The columns mS and mA list the respective diquark masses. The
quoted errors are obtained by varying the parameter in the rainbow-ladder interaction.
mq mPS mV mS mA
n 3.7 nn¯ 138 732(1) nn 802(77) 999(60)
s 91 cn¯ 1802(2) 2068(16) nc 2532(90) 2572(8)
c 795 cs¯ 1911(3) 2169(14) sc 2627(82) 2666(7)
cc¯ 2792(6) 2980(6) cc 3382(15) 3423(8)
� � � ��
� perm. � perm.
Fig. 2 Four-body BSE for the tetraquark Bethe-Salpeter amplitude.
the two-body clusters in the four-quark states under consideration are those of
pseudoscalar and vector mesons as well as scalar and axialvector diquarks.
For later reference, the rainbow-ladder meson and diquark masses are collected
in Table 1. Working in the isospin symmetric limit, the u/d current-quark mass is
fixed by mpi, the charm-quark mass by the sum mD +mD∗ and the strange-quark
mass by mDs + mD∗s . The deviations between theory and experiment are then
below 7% for all meson masses. Note that the diquarks are considerably heavier
than the respective mesons — a scalar diquark made of light u/d quarks comes out
at about 800 MeV and an axialvector diquark at 1 GeV. This property extends
to the heavy-quark region, where the diquarks are roughly 500 – 700 MeV heavier
than their meson partners.
2.2 The BSE for four-quark states
The BSE for a bound state or resonance built from two quarks and two anti-
quarks (’four-quark BSE’) is derived analogously from the quark eight-point func-
tion Gαβλσ,δγρτ . The details of the corresponding interaction kernel K have been
worked out in [37–39]. As shown in Fig. 2, it contains (from right to left) irreducible
four-body interactions, irreducible three-body interactions, and three terms con-
taining irreducible two-body interactions. Here, the third term on the right hand
side of the equation is necessary to avoid over-counting due to the iteration of
the first two terms. The two-body kernels are the same as those in the qq¯ system
shown in Fig. 1.
So far the irreducible three- and four-body interactions have not been included
in practical calculations. On the one hand, this is due to practical feasibility,
but there are arguments for the dominance of two-body correlations through the
appearance of poles associated with internal two-body clusters. We will discuss
this point in more detail at the end of the present subsection.
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Fig. 3 Different configurations for four-quark states: four equal quarks (qqqq), hidden flavor
(QqqQ) and open flavor (QQqq, qqQQ).
Apart from the interaction kernel, the essential ingredient of the four-quark
BSE is the four-body BSA Γαβγδ(p1, p2, p3, p4), which contains the full momen-
tum, Dirac-Lorentz, color and flavor structure of the state. Denoting light and
heavy quark flavors by q (u, d, s) and Q (c, b), one can distinguish the systems
shown in Fig. 3: states made of four equally massive quarks (qqqq); those with
a heavy QQ¯ and light qq¯ pair (hidden flavor); and those with a heavy QQ and
light qq pair or vice versa (open flavor). Counting the quarks from bottom to top,
(12)(34) then corresponds to diquark-antidiquark-like configurations and (13)(24)
and (14)(23) to meson-meson-like configurations. The greek subscripts absorb all
Dirac, color and flavor indices and the total momentum of the four-quark state is
P = p1 + p2 + p3 + p4.
Let us briefly sketch the construction of the BSA (details can be found in
Ref. [29]). To this end, one constructs all possible color, flavor and Dirac-momentum
tensors and combines them such that they satisfy the relevant symmetries of the
system. These are the Pauli antisymmetry in (12) or (34),
Γ(p2, p1, p3, p4)βαγδ
!
=− Γ(p1, p2, p3, p4)αβγδ , (6)
Γ(p1, p2, p4, p3)αβδγ
!
=− Γ(p1, p2, p3, p4)αβγδ , (7)
where a permutation of all Dirac, color and flavor indices is understood, and
charge-conjugation symmetry in (13)(24) or (14)(23):
Cαα′ Cββ′ Cγγ′ Cδδ′ Γ(−p3,−p4,−p1,−p2)γ′δ′α′β′ != ±Γ(p1, p2, p3, p4)αβγδ , (8)
Cαα′ Cββ′ Cγγ′ Cδδ′ Γ(−p4,−p3,−p2,−p1)δ′γ′β′α′ != ±Γ(p1, p2, p3, p4)αβγδ , (9)
where C = γ4γ2 is the charge-conjugation matrix and the signs ± determine the
C parity of the state. The amplitude for a qqqq system satisfies all four relations,
whereas a hidden-flavor amplitude QqqQ is only subject to Eq. (9) and an open-
flavor configuration QQqq only satisfies Eqs. (6–7).
The color part of the amplitude is made of two independent color-singlet ten-
sors, which can be taken from the (13)(24) and (14)(23) configurations in the
meson-meson (1⊗ 1) channels:
(C11)ABCD = 1
3
δAC δBD , (C′11)ABCD = 1
3
δAD δBC . (10)
By Fierz identities, any other possible color tensor is a linear combination of these,
like in the (12)(34) diquark-antidiquark decomposition (3¯⊗ 3):
C3¯3 = −
√
3
2
(C11 − C′11) with (C3¯3)ABCD = − 1
2
√
3
εABE εCDE . (11)
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The flavor part of the amplitude follows from the Clebsch-Gordan construction.
For example, a system made of four light quarks q ∈ {u, d} satisfies all symme-
tries (6–9). From 2 ⊗ 2 ⊗ 2¯ ⊗ 2¯ = (1a ⊕ 3s) ⊗ (1a ⊕ 3s) one obtains 16 flavor
wave functions with definite Pauli symmetry, which can be arranged into isospin
multiplets:
Faa (I = 0), Fss (I = 0, 1, 2) , Fas (I = 1) , Fsa (I = 1) . (12)
Here, Faa = [ud][u¯d¯] is the I = 0 flavor wave function typically associated with
the σ meson which is antisymmetric in both (12) and (34).
With four Dirac indices for the quarks, the Dirac-momentum part of Γ consists
of all linearly independent tensors permitted by Lorentz invariance. For example,
a scalar tetraquark with quantum numbers JPC = 0++ features the tensors
γ5αγ γ
5
βδ ,
γ5αδ γ
5
βγ ,
γµαγ γ
µ
βδ ,
γµαδ γ
µ
βγ ,
(γ5C)αβ (C
T γ5)γδ ,
(γµC)αβ (C
T γµ)γδ ,
δαγ δβδ ,
δαδ δβγ ,
. . . (13)
where Greek subscripts are Dirac indices only. Combined with all momenta in the
system and taking into account Fierz identities, there are 256 such linearly indepen-
dent tensors for (pseudo-)scalar states [27], whereas for (axial-)vector states there
are 3× 256 = 768 [28]. The (momentum-dependent) strengths of these tensors are
the dynamical outcome of the four-body BSE and therefore provide information
on the overlap with the state in question. The dominant tensors are the ‘s-wave’
tensors that do not depend on any relative momentum and thus also do not carry
orbital angular momentum. For JPC = 0++ there are 16 s-wave tensors which
form a Fierz-complete subset.
Combined with appropriate color and flavor wave functions, one can see that
the tensors in Eq. (13) have overlap with systems made of two pseudoscalar mesons,
two vector mesons, two scalar diquarks, or two scalar mesons, respectively. For
example, the combination(
γ5αγ γ
5
βδ C11 + γ5αδ γ5βγ C′11
)
Faa (14)
satisfies all symmetries (6–9) and contributes to the BSA of the σ meson. Moreover,
it also coincides with the quantum numbers of two pseudoscalar mesons inside the
four-quark state. In this way one can construct a physically motivated subset
of tensors that correspond to the possible two-body clusters and systematically
proceed until the tensor basis is complete.
Finally, the aforementioned momentum-dependent strengths are the Lorentz-
invariant dressing functions of the BSA, which depend on all Lorentz invariants
in the system. From four independent momenta one can construct 10 Lorentz
invariants, one of which (P 2 = −M2) is fixed on the mass shell. The remaining 9
invariants are dynamical, which illustrates the numerical complication in solving
the four-quark BSE — an analogous meson BSE features only two dynamical
variables and a baryon’s three-quark BSE five [30]. It is advantageous to group
these 9 variables into multiplets of the permutation-group S4, which yields a singlet
S0, a doublet D and two triplets [27, 40]. The singlet and doublet are given by
4S0 =
4∑
i=1
p2i − P
2
4
, D = 1
4S0
[ √
3 (p1 − p2) · (p3 − p4)
(p1 + p2) · (p3 + p4)− 2(p1 · p2 + p3 · p4)
]
.
(15)
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Fig. 4 Left: Singularities within the four-body BSE. Right: Mass ordering in the light scalar
nonet from the PDG [9].
The doublet has an important property that is illustrated in the left of Fig. 4.
Its two variables form a plane from where one can identify intermediate two-
body (meson-meson, diquark-antidiquark) poles emerging in the solution of the
equation. In the plot the locations of the singularities are denoted by dashed lines
(for qq¯ poles, i.e. meson clusters) and a double line (for poles in diquark clusters).
The integration region of the BSE is indicated by the shaded triangle. Depending
on the putative masses of the internal clusters, these lines may lie far outside the
integration region, close by or, in case of resonances, even inside the integration
region. Clearly, in the first case they hardly affect the BSE, whereas in the two
latter cases they leave noticeable traces. Depending on the quantum numbers of
the four-quark state and those of the putative internal clusters, it is a dynamical
question which of the clusters is the most important. This is the reason why the
four-quark BSE can be used to discriminate between the three different possibilities
of internal clustering discussed in the introduction and indicated in Fig. 4. We will
frequently come back to this point throughout the article.
If strong two-body correlations inside the four-quark state exist that lead to
clustering with poles close to or inside the integration region, then these will
dominate the BSE. In particular, it is plausible that these effects also dominate
the analytic background provided by the terms with irreducible three- or four-body
interactions. This argument, and the numerical complexity potentially induced by
these terms, explains why the latter have been neglected so far [26–29].
We conclude on the general note that whatever the internal structure of a
particular state is, any gauge-invariant bound-state or resonance pole with match-
ing meson quantum numbers must show up in the quark eight-point function
Gαβλσ,δγρτ , whose residue is the four-quark BSA determined by its BSE. Because
the same can also be said about the quark four-point function Gαβ,δγ and the qq¯
BSE derived from it, it is conceivable that without approximations both equations
should produce the same spectrum. Any possible internal structure (molecule,
hadrocharmonium, diquark-antidiquark, qq¯, hybrid, . . . ) would then be encoded
in the respective interaction kernel and/or the BSA itself. Under approximations
it becomes a question of practicability what the best starting point is: if a state is
dominated by qqqq, an approximate four-quark BSE will produce a more reliable
result than an approximate qq¯ BSE (where four-quark effects would need to enter
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through a complicated interaction kernel). Therefore, what the four-quark BSE
studies discussed herein can accomplish at the present stage is to disentangle the
relative importance of different qqqq components in a given state, in particular
the two-body clusters formed by molecular-like, hadroquarkonium and diquark-
antidiquark configurations.
3 Light exotic four-quark states
3.1 The physics case
In the following we briefly outline the physics case of the light scalar meson nonet
with quantum numbers JPC = 0++; a detailed and executive discussion can be
found in the review article [41].
The experimental evidence for the existence of a light scalar meson nonet
below 1 GeV is compelling and has led to more and more precise values for the
masses and widths in current issues of the Review of Particle Physics [9]. Similarly
uncontroversial seems the general notion that the members of this nonet cannot be
thought of as ordinary mesons, i.e. states primarily consisting of qq¯ constituents.
The main points can already be inferred from the experimental spectrum (right
panel of Fig. 4). If the light scalar mesons were ordinary qq¯ states, the isosinglet
σ/f0(500) should be mass-degenerate with the isotriplet a0(980), followed by the
kaon-like κ/K∗0 (700) and the f0(980) as the ss¯ state; but what happens instead is
that the a0(980) and f0(980) are (almost) mass-degenerate. Second, in the non-
relativistic quark model the scalar mesons are p waves and carry orbital angular
momentum, so they should lie above 1 GeV like their axialvector and tensor meson
partners with quantum numbers 1+−, 1++ and 2++. Third, whereas the a0(980)
and f0(980) sit close to the KK¯ threshold and are narrow, the σ and κ are broad
states. This ties in with the fact that the experimentally observed σ cannot be
described by a simple Breit-Wigner ansatz, see [42] and Refs. therein.
Instead, there seems general agreement that the dominant structure of the
f0(500) and its multiplet partners is that of four-quark (qqqq) states. This picture
offers a natural explanation for the inverted mass hierarchy of the light scalar
nonet (the a0(980) and f0(980) now have the same quark content) and its decay
pattern with large decay widths for the σ and κ, which can fall apart into pipi and
Kpi [14, 43]. In addition, strong support for the dominant qqqq nature of these
states comes from considerations of the 1/Nc expansion, both around Nc = 3 and
in the large-Nc limit [44–47]. In particular, it was shown that the pole location
of the ρ meson follows a distinctive dependence on Nc as expected for qq¯ states,
whereas the pole locations of scalar mesons do not. This also ties in with the fact
that the mass pattern of the light scalar mesons does not allow for accommodation
in the usual Regge trajectories characteristic for ordinary mesons [48].
The internal structure of the light scalar mesons is less clear. In principle,
one could envisage three different possibilities for the four (anti-)quarks to ar-
range. If irreducible four-body forces were dominant inside the four-quark state
(e.g., mediated by a four-gluon vertex), then one would expect a tightly bound
state without internal clustering. If irreducible two-body forces were dominant,
one might expect an internal clustering either in diquark-antidiquark configura-
tions [14, 49] or meson-meson pairs [50]. Which of these latter two possibilities
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Fig. 5 Two-body equation in terms of meson (yellow) and diquark (hatched, blue) degrees of
freedom. Meson and diquark propagators are denoted by dashed and double lines, respectively.
is the more important one depends on the dynamics of the two-body forces and
needs to be investigated. This has been one of the major goals in studies using
functional methods [26,27].
Certainly, it is by no means excluded that there is some qq¯ admixture in the
physical states of the light scalar nonet, although judging from the experimental
spectrum in Fig. 4 it is likely small. In fact, evidence from several theoretical
sources points towards this direction [45,47,49,51–55]. Within functional methods
this has been studied by some of us in a very recent work [56]. Here we will not
touch upon this issue but refer the interested reader to the original articles.
In the next subsection we briefly outline the two different formulations of the
four-body equation that have been used so far with functional methods and in
Sec. 3.3 we summarise results on the light scalar meson nonet.
3.2 Light four-quark states in the four-body and two-body formalism
At present, light four-quark states have been investigated within functional meth-
ods using two approaches:
 The first is the original four-body BSE shown in Fig. 2. As detailed above, it
is solved by neglecting the influence of irreducible three- and four-body forces.
This approximation is justified if two-body interactions are the driving force
for internal clustering inside the four-quark states. In practice the equation is
solved by reducing the tensor basis to the physically dominant s-wave tensors
and restricting the momentum dependence to the singlet and doublet variables
in Eq. (15). In the following we refer to this as the four-body approach [27].
 Provided that two-body correlations are dominant, one may even go further
and simplify the system to a two-body equation. The derivation proceeds
through a Faddeev-Yakubowski equation [57], where the two-quark scatter-
ing matrices are represented in terms of meson and diquark poles. The result-
ing equation is shown in Fig. 5 and expressed in terms of meson-meson and
diquark-antidiquark BSAs. In the following we call this the two-body approach
and refer to Ref. [26] for technical details.
Note that the two-body approach is already quite close in spirit to a description in
an effective field theory, although the interaction kernel is not expressed through
effective meson exchanges. Instead, the resulting coupled system of equations de-
scribes meson-meson and diquark-antidiquark components that interact with each
other by quark exchange, with the same dressed quark propagator determined
from its DSE (4). One of the great advantages of this formulation is the simplic-
ity of the BSAs since all Dirac structure is gone and one has to deal with much
fewer momentum variables. In turn, one needs to determine the meson and diquark
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BSAs as well as their propagators that enter in the equation from their respec-
tive BSEs. These are solved using the rainbow-ladder approximation (5) for the
quark-(anti)quark interaction described in Sec. 2.1 and thus no additional model
input is needed. As we will see below, the results from the four-body and two-body
approach are very similar.
Finally, let us note that the simplification to a two-body system is analogous to
the quark-diquark approach for baryons. Also in that case one can study baryons
either from the original three-quark BSE or from the corresponding quark-diquark
BSE. In both cases the results are very similar, which suggests a dominance of
two-quark correlations in terms of diquarks [30,58,59]. Nevertheless, the dynamics
that drive the four-quark system are quite different compared to baryons since
diquark correlations are now accompanied by meson-meson correlations. In fact,
one can see that only one diagram appears on the r.h.s. of the second equation in
Fig. 5 because one cannot exchange quarks between a diquark and an antidiquark
(unless one allows for fully disconnected diagrams in the derivation [60]). Thus,
one can merge both equations into a single one for the meson-meson amplitude.
As a result, already the structure of the equation implies that the system is driven
by meson-meson configurations, whereas diquark degrees of freedom appear only
internally in higher loop diagrams.
3.3 Results for the lightest scalar meson octet: f0(500) and company
Let us first discuss the results in the two-body approach [26] shown in the left panel
of Fig. 6. For a scalar four-quark state with quantum numbers 0++, the lightest
possible and thus dominant components are pseudoscalar mesons (0−+) and scalar
diquarks (0+). The plot shows the mass of the light isosinglet scalar meson as a
function of the current quark mass mq (same for all four quarks). Compared are
the masses obtained from the full system with those taking into account only
the pipi components. There are two notable observations: First, the contributions
from scalar diquarks are negligible and the scalar state is completely dominated
by the pipi component. This is a direct consequence of dynamical chiral symmetry
breaking, which makes the mass of the pion much lighter than the typical mass
scale of the scalar diquark (which is of the order of 800 MeV). Second, except for
the offset in the chiral limit, the mass evolution of the four-quark state is similar
to that of the pion. Since the latter is governed by the Gell-Mann-Oakes-Renner
relation, m2PS ∼ mq, so is the mass of the four-quark state as can be seen in the
plot in the center. Clearly, dynamical chiral symmetry breaking plays an important
role for the mass evolution and the structure of the light scalar mesons.
A very similar result has been obtained in the four-body formalism [27]. The
center panel of Fig. 6 shows that the mass evolutions from the four-body and two-
body approach are qualitatively similar. Also qualitatively similar, however quan-
titatively different is the relation to the pipi threshold defined by 2mPS. Whereas
in the effective two-body approach the result stays below the pipi threshold in the
heavy mass range and only crosses the threshold shortly before the physical point,
in the four-body approach this crossing happens at much larger masses around
mq = 700 MeV. This probably indicates that truncation effects in either formula-
tion currently prohibit a precision determination of this scale.
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Fig. 6 Left: Results for the light isosinglet scalar meson from the effective two-body approach
[26]. Center and right: Results from the four-body approach [27].
The right panel of Fig. 6 shows the results for the light scalar meson nonet for
different current-quark masses compared with the experimental values at the phys-
ical point, indicated by the vertical dashed line. The error bands reflect variations
of the model parameter for the effective coupling, Eq. (5). Clearly, there is qual-
itative agreement between the experimental and the theoretical spectrum. (Part
of) the quantitative difference between theory and experiment might be related
to the fact that we neglected part of the tensor structure of the four-body BSA
to make the equation tractable for a numerical setup. Another part might come
from missing qq¯ contributions, which have not been included in either calculation.
With respect to the second point, the very recent result of
M0++ = 456(24) MeV (16)
for the real part of the mass of the f0(500) in an approach where the two-body
equation in Fig. 5 has been coupled to the qq¯ BSE is encouraging [56].
In any case, the explicit calculation in the four-body framework illustrates how
a dynamical generation of resonances emerges from the quark level (see e.g. [61]
for a review of other approaches): Pseudoscalar-meson poles are generated in the
process of solving the four-body BSE and dominate the dynamics of the system.
If they enter the integration domain of the BSE (for current quark masses below
about 700 MeV), the four-body state becomes a resonance. It is amusing to note
what happens if the possibility for the dynamical formation of internal clusters
is cut out from the BSE. This can be done by neglecting the dependence of the
BSAs on the total momenta of the internal two-body states, i.e., the kinematic
variables arranged in the permutation-group doublet (15). With the very same
two-body interaction one then obtains a bound state with a mass of the order
of 1500 MeV at the physical point. This is just what one would expect for a
bound state of four massive quarks with an infrared (constituent-like) quark mass
function M(p2 = 0) ∼ 400 MeV. By contrast, if one allows for internal clustering
into pseudo-Goldstone bosons by using a BSA rich enough in structure to depend
on the doublet variables, the mass goes down into the 400 MeV range displayed in
Fig. 6. This mechanism, together with the towering dominance of pipi clusters over
diquark-antidiquark contributions, are the most important results of Refs. [26,27].
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4 Heavy-light exotic four-quark states
4.1 The physics case
While chiral symmetry and relativity complicate the properties of light-quark sys-
tems, the heavy-quark sector is a much cleaner environment for studying exotic
mesons. Here already the success of the non-relativistic quark model provides a
basic measure for distinguishing ‘ordinary’ from ‘exotic’ mesons, namely through
the deviation from the quark-model expectations. Following a series of discoveries
over the past two decades, a number of exotic meson candidates in the charmonium
region (the ‘XY Z states’) are experimentally well-established by now (Fig. 7):
 The χc1(3872) or X(3872) was first reported by Belle in 2003 [62] and the first
exotic charmonium-like state to be found. The fact that its mass is indistin-
guishable from the D0D¯∗0 threshold, and that its narrow width (< 1.2 MeV)
is about two orders of magnitude smaller than potential-model predictions for
the excited cc¯ state χ′c1, makes it difficult to reconcile with a conventional
charmonium picture. The suppression of its J/ψ γ decay mode compared to
J/ψ pi+pi− and the isospin violation in the J/ψ ρ decay are also unusual for a
cc¯ state. The X(3872) has been seen in a number of reactions and its quantum
numbers are I(JPC) = 0(1++). Other exotic candidates in this channel are the
X(4140) and X(4274) which are seen in the J/pi φ mass spectrum.
 The ψ(4230), now identified with the Y (4260), is one of several exotic candi-
dates in the 1−− vector channel which are accessible in e+e− collisions. Their
exotic assignment is mainly due to the overpopulation of the 1−− channel with
regard to well-established cc¯ states and the fact that in contrast to ordinary
charmonia they are less likely to decay into open-charm final states.
 The Zc(3900) and Zc(4430) with 1
+− carry charge and are thus manifestly
exotic since their minimal quark content is cc¯ud¯.
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Several other exotic states in the charmonium spectrum are well established,
such as the X(3915) with quantum numbers 0++ (although a 2++ identification
is also possible). In the bottomonium sector there are currently two exotic candi-
dates, the Zb(10610) and Zb(10650) with quantum numbers 1
+−, and a possible
cccc candidate has recently been reported by LHCb [63].
Even though some signals may be kinematical threshold effects, the question
whether four-quark states exist at all is no longer truly disputed in light of the
current experimental evidence. The main objective is therefore to understand their
internal structure. The theoretical interpretations range from hadronic molecules
to hadrocharmonia, diquark-antidiquark states and hybrid mesons; see the re-
views [1–8] for detailed discussions and an overview of theoretical approaches.
Of course, quantum field-theoretically all these configurations can mix together as
well as with ordinary qq¯ states, but it is conceivable that certain configurations are
dominant for particular states, like for example the proximity to some threshold
is a typical signal for a molecule. This is also the question that studies with func-
tional methods have been attempting to answer based upon internal quark-gluon
dynamics. In the following we will give a brief overview on the existing results.
4.2 Results in the four-body formalism
The existing work on heavy-light four-quark states using functional methods is
based on the four-body approach of Fig. 2, both for systems with a heavy QQ¯
(hidden flavor) or QQ pair (open flavor) [28, 29]. The construction of their BSAs
follows the outline in Sec. 2.2 and is detailed in Ref. [29].
Let us focus on the hidden-flavor case and in particular cqqc systems with hid-
den charm, since those comprise most of the experimentally established tetraquark
candidates to this date. In this case, out of the possible symmetries (6–9) the ampli-
tude only satisfies charge conjugation in (13)(24), Eq. (9). The three configurations
(13)(24), (14)(23) and (12)(34) correspond to those displayed in Fig. 4:
 (13)(24), (cq¯)(qc¯), molecule: (D,D∗, . . . )× (D,D∗, . . . )
 (14)(23), (cc¯)(qq¯), hadrocharmonium: (J/ψ, ηc, . . . )× (pi, ρ, η, ω, . . . )
 (12)(34), (cq)(qc), diquark-antidiquark: (S,A, . . . )× (S,A, . . . )
The possible two-body clusters are further narrowed down by the JPC and isospin
quantum numbers of the state in question.
As illustrated in Fig. 4, the two-body clusters dynamically produce poles in the
BSA. The pole locations correlate with the respective thresholds, i.e., the sums of
the two-body masses. Therefore, the proximity of such a pole to the integration
region, indicated by the colored triangle, provides a first clue towards the impor-
tance of each cluster. For example, for the X(3872) with I(JPC) = 0(1++) the
dominant meson-meson cluster is DD∗, because DD can produce J = 1 only with
non-vanishing orbital angular momentum.3 The proximity of the X(3872) mass to
the DD∗ threshold is a strong indication for a dominant DD∗ component inside
this state, as has been predicted even before its discovery [4,64]. For the hadrochar-
monium component, a J/ψ with 0(1−−) would require a quantum-number exotic
3 Note also that the parity argument against a pion exchange between D mesons does not
apply here because even if the four-body equation were simplified to a two-body system like
in Fig. 5, the interaction would proceed through quark exchanges.
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Fig. 8 Mass of the I(JPC) = 0(1++) four-quark state corresponding to the X(3872) as a
function of the light current-quark mass [28]. The solutions for the individual DD∗, J/ψ ω
and diquark-antidiquark components together with their respective thresholds are shown in
the left panel and those including one, two and all three channels in the right. The error bars
combine the extrapolation error with that obtained by varying the momentum partitioning.
The line with error band is a fit to the data points below threshold.
light pseudoscalar 0(0−−) which is not observed. This leaves the vector state ω
with 0(1−−) as a possible partner; the threshold mJ/ψ +mω ≈ 3880 MeV is again
in the same mass region. Finally, the sum of the cq scalar (0+) and axialvector
(1+) diquark masses in the rainbow-ladder truncation is mS +mA = 5.1(1) GeV
(cf. Table 1), which is more than 1 GeV higher compared to the other thresholds
and suggests again that diquarks are less important.
In Refs. [28, 29] the four-body BSE was solved in the rainbow-ladder trunca-
tion, with the BSA simplified to the leading tensors corresponding to the physically
relevant two-body clusters in each of the three configurations. Upon absorbing the
kinematical dependence of the BSA stemming from the higher momentum multi-
plets in Eq. (15) into explicit two-body pole factors, which depend on the calculated
two-body meson and diquark masses, only the dependence on the symmetric vari-
able S0 remains dynamical. This significantly reduces the numerical complexity
but at the same time allows one to judge the relative importance of the individual
two-body clusters.
Fig. 8 shows the resulting cqqc mass in the 0(1++) channel, where the mass of
the cc¯ pair is fixed and the light current-quark mass mq is varied from the charm
to the strange and light-quark masses (indicated by vertical dashed lines). The left
panel displays the results using the dominant tensors for each of the three con-
figurations separately — DD∗ (red circles), J/ψ ω (blue squares) and AS (black
triangles down) —, together with their respective thresholds. The DD∗ compo-
nent indeed has the lowest mass, followed by the diquark-antidiquark and J/ψ ω
components. Note that the dynamical J/ψ ω result lies far above its threshold even
though the thresholds for J/ψ ω and DD∗ are similar. The tetraquark mass ob-
tained with the diquark-antidiquark component lies below its threshold, whereas
the one obtained with DD∗ is below threshold only above the strange-quark mass.
The right panel shows the results for DD∗ only (red), DD∗ + J/ψ ω (green) and
finally all three components (black). One can see that the addition of these tensors
has little effect and the mass of the state is essentially determined by the DD∗
component alone.
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Fig. 9 Quark-mass evolution of the cqqc ground states in the 0(0++) and 1(1+−) channels
for different components of the four-body amplitude (same notation as in Fig. 8). [29]
On a technical note, the masses in Fig. 8 are obtained by calculating the eigen-
values λi(P
2) of the kernel of the four-quark BSE in Fig. 2 at each quark mass mq
and below the lowest-lying two-body threshold in each setup, i.e., for P 2 > −M2thr
along the real axis. For a bound state, the condition λi(P
2) = 1 is met on the real
axis below the threshold, whereas for a resonance it holds in the complex plane of
P 2 on a higher Riemann sheet. In principle one could extract the resonance pole
locations by solving the four-quark BSE for complex momenta on the first sheet
using contour deformations in the integration, in combination with analytic con-
tinuation methods [56, 65–69], although this comes with a substantial numerical
effort. So far, unless the resulting mass is below all relevant thresholds and can be
inferred directly, the eigenvalue curve λi(P
2) is extrapolated from the real axis us-
ing rational functions to obtain an estimate for the real part of the resonance mass.
In addition, the error stemming from the reduction of the kinematical variables
discussed above can be estimated by varying the momentum partitioning between
the quark momenta which add up to the total momentum P . The combined error
from the extrapolation and varying the momentum partitioning leads to the error
bars in the right panel of Fig. 8. Finally, a linear fit is performed using the results
at higher quark masses below threshold; this results in the error band shown in
the plot. The resulting mass at the physical u/d point is Mcqqc1++ = 3916(74) MeV,
in good agreement with the mass of the X(3872).
The analogous analysis for the I(JPC) = 0(0++) and 1(1+−) channels with
quark content cqqc is shown in Fig. 9. The former is (likely) carried by the X(3915)
and the latter by the Zc(3900). Also here the pattern that arises is very similar in
both cases: the meson-meson components (DD in the scalar and DD∗ in the axi-
alvector case) are the dominant ones, whereas the hadrocharmonium and diquark-
antidiquark contributions are subleading. The effect is however less pronounced
compared to the X(3872).
Similar observations also hold for cssc states: In the 0(1++) channel the cal-
culations produce a state at M = 4.07(6) GeV, which is again dominated by
meson-meson contributions (DsD
∗
s) and could be identified with the χc1(4140),
even though it is not particularly close to the DsD
∗
s threshold. A corresponding
state is also found in the 0++ channel, although the large theoretical errors make
a prediction of its mass rather imprecise [29].
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In the case of open-charm states with quark content ccqq, the two-body clusters
are rather different since charge conjugation is replaced by Pauli antisymmetry, see
Eqs. (6–7). Instead of a hadrocharmonium component one has two identical heavy-
light meson components plus a configuration with a heavy diquark and a light
antidiquark, where the heavy scalar cc diquark is forbidden by Pauli antisymmetry:
 (13)(24) and (14)(23), (cq¯)(cq¯), molecule: (D,D∗, . . . )× (D,D∗, . . . )
 (12)(34), (cc)(qq), diquark-antidiquark: A× (A,S)
In this case the diquark contributions are no longer negligible but significant [29].
The resulting four-quark masses in the 0(1+) and 1(1+) channels lie in the 4 GeV
region and are in the ballpark obtained with other approaches [70–72].
Finally, in analogy to our strategy pursued for the light-quark sector it will
be interesting to compare the results for heavy-light four-quark states with those
obtained in the two-body approach; a corresponding study is already underway.
5 Summary and outlook
In this article we have summarized existing results within the functional approach
to four-quark states using Dyson-Schwinger and Bethe-Salpeter equations. We
discussed the mechanism how a dynamical generation of resonances emerges from
the quark level in terms of internal two-body clusters, and we capitalized on the
potential of the approach to distinguish different two-body clusters in terms of
molecular-like, hadrocharmonium and diquark-antidiquark components. Certainly,
work on this subject has only begun and there are many open issues that need
to be addressed in future studies: the calculation of widths, decay modes and
matrix elements; the inclusion of more complete tensor bases and momentum de-
pendencies; the mixing with qq¯ components; and the implementation of three-
and four-body interactions. Over the last decades, exotic meson spectroscopy has
become a cutting-edge area of research in experimental hadron physics, and sim-
ilar progress in theory will be essential to understand and interpret existing and
forthcoming data.
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